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. 
SOLUTION 


o F 


brated Kepler has been ſolved by ſeve- 


able to ſome; as it requires a leſs degree of 


knowledge in the more difficult parts of Ma- 


| thematics, than the other methods do. 


PROP. I Rg. 1. 


Let there be a ſtreight line AB, and 
CD a portion of a curve wholly 
concave towards AB, and draw AC, 
BD parallel to each other, meeting 


the curve in C, D; let CE, a tan- 
K gent 


HO the problem propoſed by the * 


| ral Mathematicians of great note: yet, as 
' this is of conſiderable uſe in aſtronomy, it is 
| hoped the following ſolution may be agree- 
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14 
gent to the curve at C, meet BD 
in E; join AD, AF, BC, and let 


AE meet the curve in F: the tri- 
angle ABC will be greater than the 


foliar ACF, but leſs than he ſe- 
ctor ACD. 


Join CD. Becauſe AC, BE, are parallel, 
the triangles, ABC, AEC, will be equal: 


but the triangle AEC is greater than the 


ſector ACF; therefore the triangle ABC 
is greater than the ſector ACF. Again, be- 
cauſe AC, BD, are parallel, the triangles, 


ABC, ADC, are equal: but the triangle 
ADC is leſs than the ſector ACD; therefore 


the triangle ABC is leſs than the ſector ACD. 


PROP. I. Eg. 2. 


: Let there bs a curve AEB, 1 


concave towards the ſtreight line 


the line AB; draw DE to any point 


AB, and let C, D, be two points in 


E 


reren . * * * 
. 


1 
E in the curve, and draw CF paral- 


lel to DE, meeting the curve in F; 


let EG, a tangent to the curve at E, 
meet CF in G, and join DF, DG, 
and let DG meet the curve in H; 
let the point D be between the 
points, A, C: the ſector ACE will 


be greater than the ſector ADH, 


but leſs than the ſector ADF; and 


the ſector BCE will be greater than 
the ſector BDF, but leſs than the 
ſector BDH. 


Becavst the triangle DEC is greater than 


the ſector EDI, let the ſector ADE be added 


to both; and the {pace ACE will be greater 
than the ſector ADH: and, becauſe the tri- 


angle DEC is leſs than the ſector EDF, let 


the ſector ADE be added to both; and the ſe- 


| tor ACE will be leſs than the ſector ADF. 


AGAIN, becauſe the ſector ACE together 


with the ſetor BCE, is equal to the ſector 


ADF together with the ſector BDF, and the 
ſector 
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Gr ACE is leſs than the ſector ADF; 
therefore the ſector BCE is greater than the 
ſector BDF: and, becauſe the ſector ACE to- 


gether with the ſector BCE, is equal to the 


ſector ADH together with the ſector BDH, 
and the ſector ACE is greater than the ſector 


ADH ; therefore the ſector BCE will be leſs 


than the ſector BDH. 


PROP. u. PROBL. 1. Fig. 3. 


Let there be a given circle AEB, and 


let D be a given point within the 
circle; and from D let there be 
drawn DE, DF, to two given 
points, E, F, in the circle: granting 


the quadrature of the circle, it is 
required to draw a line DG meeting 

the arc FE in G; fo that the ſector 
EDG may be to the ſector GDF in 

a given ratio, ſuppoſe that of to n. 


Lr C be the center of the circle, and join 
CE, CF; draw DH, DK, perpendicular ta 
CE, 
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CE, CF, meeting CE, CF in H, K; and let 
EL, FM, be tangents to the circle at the 
points, E, F. 


Becaust the points, D, E, F, are given, 


and the circle is given, the ſector DEF will 


be given; and, becauſe the ſector EDG is to 


the ſector GDF in the given ratio of M to 7, 


the ſectors, EDG, GDF, will, each of them, 
be given in magnitude. In the tangent EL 
take the point L towards F; ſo that, joining 


HL, the triangle HEL may be equal to the 


ſector EDG : again, in the tangent FM take 


the point M towards E; ſo that, joining KM, 
the triangle KFM will be equal to the ſector 
FDG: it is evident, the points, L, M, will be 
given. Join DL, DM, meeting the circle in 
N, O; the point G will fall between the 


points, N, O. For, becauſe EL, FM, are 


tangents to the circle at E, F, the angles 


| HEL, KFM, will be right; and therefore 


| 


DH, EL, will be parallel: likeways DK, FM, 
will be parallel; therefore the triangles, 
DEL, HEL, will be equal, and likeways the 


triangles, DFM, EFM, will be equal: and 
| therefore the triangle DEL will be equal to 
| the ſector DEG, and the triangle DFM equal 


to 


1 

to the ſector DFG; therefore the ſector DEG 
will be greater than the ſector DEN, and the 
ſector DFG greater than the ſector DFO; 
therefore the line DG will fall between the 
lines, DN, DO; therefore the point G will 
fall between the points, N, O. 


Aal, Becauſe the points, L, M are | 
given, and the point D likeways given, the 
ſectors, DEN, DFO, will be given; and, be- 
cauſe the ſectors, DEG, DFG, are given, 
the ſectors, DNG, DOG, will be given; and 
therefore the ſector NDG will be to the ſe- 
tor GDO in a given ratio, ſuppoſe that of 
p to 9. The problem, therefore, will be re- 
duced to this again, To divide the ſector 
NDO by the line DG, fo that the ſeftor 
NDG may be to the ſector GDO in the gi- | 
ven ratio of þ to 9q. And thus, repeating the 
operation, the point G will be found within 


a very narrow limit. 


N. B. Tur limit ON might have been 


found by taking in the tangents, EL, FM, 


the point L towards F, and the point M to- 
wards E; fo that, joining DL, DM, meeting 


the circle in N, O, the triangle DEL would 
de equal to the ſector EDG, and the triangle 


DFM 
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DFM equal to the ſector DFG: but the 
other way points out the method of cal- 
culation. 


PROP. IV. Prosr. 2. Fig. 4. 


Let there be a ſemicircle whole dia- 
meter is AB and center C, and let 
D be a point in the diameter: 
granting the quadrature of the cir- 
cle, it is required to draw a line DE. 
meeting the circle in E, ſo that the 
ſemicircle may be to the ſector 
BDE in a given ratio, ſuppoſe that 

| ofprog. 


- SuPPosE the problem ſolved. Let the ſe- 
micircle be to the ſector BCF as p is to 9 
join DF; draw CG parallel to DF, meeting 4 
FG, a tangent to the circle at F, in G, and 
| join DG meeting the circle in H; let CG | 
meet the circle in K, and join DK, FK, CH. 
| Brcavst the ſemicircle is to the ſector 
BDE ae to 3, that is, as the ſemicircle to the 
| ſectot 


11 
ſector BCF, the ſector BDE will be equal to 
the ſector BCF: but the ſector BCF is 
[ Prop. 2. ] greater than the ſector BDK, but 
leſs than the ſector BDH ; there ſore the ſector 
BDE is greater than the ſector BDK, and leſs 
than the ſector BDH ; therefore the line DE | 
falls between the lines, DH, DK ; and there- | 


fore the point E falls between the points, H, 


K. Again, becauſe the ſector BDE is equal 


to the ſector BCF, and the ſector BCK is 


common to both, the ſpace KCDEK will be 
equal to the ſector KCF ; and, becauſe the 
triangles, KCD, KCF, are equal, (becauſe 
KC, DF, are parallel), therefore the ſector 
KDE is equal to the ſpace KEFK ; and, be- 
cauſe the triangles, GDK, GFK, are equal, 
taking the common ſpace GHK from both, 
the ſector KDH will be equal to the ſpace 
_ KEFK together with the ſpace GFHG; but 
the ſetor KDE is equal to the ſpace KEFK, | 
therefore the ſector EDH is equal to the 
ſpace GFHG. 

Becavse the ſemicircle is to the ſeQor 
: BCF as p to 9, therefore the angle BCF is | 
given, and therefore the angle FCD is like- | 
ways given: and, in the triangle FCD, be- 
cauſe the fides, CF, CD, are given, and like- | 


ways | 


* 
ways the angle FCD, the angles CDF, 


CFD will be given; and therefore the 


angles BCK, KCF will be given; therefore 


the arcs BK, KF are given: becauſe FG is 
a tangent to the circle at the point F, the 


angle CFG will be a right angle: and be- 


cauſe the angle FCG is given, and likeways 


the fide CF given, the fides CG, CF will 


be given : in the triangle GCD, becauſe the 
ſides GC, CD are given, and the angle GCD 


given, the angles CGD, CDG will be given: 
and in the triangle GCH, becauſe the ſides 


GC, CH and the angle CGH is given, the 
angle GCH will be given; and therefore the 


arc HK will be given: and becauſe the arc 
FK is given, therefore the arc FH is given. 
Again, becauſe the arc FK is given, the ſector 


FCK will be given, and likeways the tri- 


angle FCK given, therefore the ſpace 


KEFK will be given; and becauſe the 


triangles, GFC, GC, are given, the ſpace 
 GFCHG will be given ; and becauſe the arc 
FH is given, the ſector FCH will be given 
therefore the ſpace GFHG will be given. 


B Frem 


— R828 cm A _—_ 


From this, the * conſtruclion may be 
deduced. 
CONSTRUCTION. 


In the ſemicircle take the point F, and 
let the arc AFB be to the arc BF 


as p is to 9; join CF, DF, and draw 


CG parallel to DF, meeting FG, a 
tangent to the circle, at F in G; and 
the circle in K; join DG meeting the 


circle in H, and join FK, DK; draw 
the line DE [ Prop. 3.] meeting the 


circle in E, ſo that the ſector KDE 
may be to the ſector EDH as the 

ſpace KEFK to the {pace GFHG: 

the ſemicircle will be to the ſector 
BDE as p is to 9. 


ea the 1 KDE is to the ſector 


EH, as the ſpace KEFK to the ſpace 
FH; the ſector EDH will be to the 


ſector KDH, as the ſpace KEFK to the ſum 
of the ſpaces KEFK, GFHG : but, becauſe 
” the 
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E 
the triangles, GDK, GFK are equal, and the 
ſpace G HK common to both, the ſector KDH 
will be equal to the ſum of the ſpaces KEFK, 
 GFHG ; therefore the ſector KDE is equal 
to the ſpace KEFK. And, becauſe the tri- 
angle KDC is equal to the triangle KFC, the 
ſpace KCDE will be equal to the ſector KCF; 
therefore (adding the ſector BCK to both) 
the ſector BDE will be equal to the ſector 
BCF. Again, becauſe the arc AFB is to the 
arc BF as p is to g, the ſemicircle will be to 
the ſector BCF as p is to ; therefore the 
ſemicircle will be to the ſector BDE as p is 
we. GED. ; 
Bur, as this would require a good deal of 
trigonometrical calculation, the following 
method may be uſed; which will give the 
point ſought very nearly, when this problem 
is of uſe in the planetary ſyſtem. 


PROP. V. PRo BTL. 3. Hg. 5. 


Let there be a ſemicircle whoſe dia- 
meter is AB and centre C, and let 
D be a point in the diameter not 

Fe very 


1 


very excentric; granting the qua- 


drature of the circle, it is required 
to draw a line, DE, meeting the 
circle in E, ſo that the ſemicircle 
may be to the ſector BDE in a 


given ratio, ſuppoſe that of p to q, 


SupPosE the problem ſolved; and let the 
ſemicircle be to the ſector BCF as p is to 
join DF, and draw CG parallel to DF meet- 
ing FG a tangent to the circle at F in G; 


join DG, and let CG, DG meet the circle 
in H, K: join DH, FH; draw CM parallel 
to DH meeting HM a tangent to the circle 


at H in M; draw DL perpendicular to CH 
meeting CH in L; join LE, and let FN 


perpendicular to CH meet CH in N. 

BECAuskE the ſemicircle is to the ſector 
BDE as p is to , that is, as the ſemicircle to 
the ſector BCF, the ſector BDE will be equal 


to the ſector BCF: and becauſe the ſector 
BCH is common to both, the ſpace HCDE 
will be equal to the ſector HCF; but be- 


cauſe CH, DF are parallel, the triangle 
PCH is equal to the triangle FCH ; there- 
Ce EE 


E 1 


fore the ſector EDH will be equal to the 


ſpace contained by the are HF and the chord 


FH. Again, becauſe the ſector BDE is 
equal to the ſector BCF, and the ſector BCF 
is [Prop. 2.] greater than the ſector BDH, 
and leſs than the ſector BDR, the ſector 

BDE will be greater than the ſector BDH, 
and leſs than the ſector BDK: therefore the 
point E is in the arc HK between the points 
H, K. [Let the arc HK be called the limi- 
ting arc]. Becauſe the point D is not very 
excentric, the limiting arc will be little. In 
the orbit of Mercury, the moſt excentric of 
all the planets,” the limiting arc will be leſs 
than ſixteen minutes in that part of the orbit 
where it is greateſt ; therefore EH may be 
conſidered as coinciding with the tangent to 
the circle at the point H ; and therefore the 
triangle ELH will be equal to the ſector 
EDH, that is, equal to the ſpace contained 
by the arc FH and the chord FH; therefore 
the rectangle LHE will be double of the 


5 ſpace contained by the arc FH and the chord 


FH. Becauſe the rectangle contained by 
CH and the arc FH is double of the ſector 
CFH, and the rectangle contained by CH, 
FN is double of the triangle CFH; the 
rectangle 


L 1 1 


rectangle contained by CH and the exceſs of 


the arc FH above FN will be double of the 


ſpace contained by the arc FH and the 


chord FH; therefore the rectangle LHE 


will be equal to the rectangle contained by 


CH and the exceſs of the arc FH above 


ſimilar, LH will be to HC as DL or FN 
to HM; therefore FN will be to HM as 
_ excels of the arc FH above FN to HE. 


From this, the follewing conflrudtion may be | 


deduced. 
CONSTRUCTION. 
Let the ſemicircle be to the ſector 
BCF as pistog; join DF, draw 


CH parallel to DF meeting the 


circle in H; join DH, draw CM 
paralle] to DH meeting HM a 
tangent to the circle at Hin M; 
and let FN perpendicular to CH 
meet CH in N; in the tangent 
HM 
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FN; therefore LH will be to HC as the | 
exceſs of the arc FH above FN to HE: | 
but becauſe the triangles DLH, CHM are 


JV ß +: 
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HM take HE towards F, ſo that 
PN may be to HM as the exceſs 
of the arc FH above FN to HE; 
join DE: the ſeraicircle will be 
to the ſector BDE. as þ is to 9. 


AN 
* 
a 
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LW ] 


LET DL, perpendicular to CH, meet CH 
in L; join FH, LE. Let CH meet FG, a 
| tangent to the circle at F, in G; join DG 
| meeting the circle in K. 


B cus the triangles DLH, CHM are 
fimilar, LH will be to HC as DL or FN to 


HM; that is, as the exceſs of the arc FH 


above FN to HE: therefore the rectangle 
LHE will be equal to the rectangle con- 


' tained by HC and the exceſs of the arc HF 
above FN: but, becauſe the rectangle con- 


tained by CH and the arc HF is double of 


the ſector HCF, and the rectangle contained 
by CH, FN is double of the triangle CFH ; 
therefore the rectangle contained by CH and 
the exceſs of the arc FH above FN will be 
| double of the ſpace contained by the arc 


FH and the chord FH; therefore the rect- 


angle LHE will be double of the ſpace _ 


contained by the arc FH and the chord FI; 


and 
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[ 16 ] 
and therefore the triangle LHE will be equal 
to the ſpace contained by the arc FH and 
the chord FH: but, becauſe DL, HE 
are parallel, the triangles DHE, LHE are | 
equal; therefore the triangle DHE is equal 

to the ſpace contained by the arc FH and 
the chord FH: and, becauſe DF, CH are 


parallel, the triangles CDH, CFH are equal ; * 


therefore the ſpace HCDE will be equal to 
the ſector CFH. Let the ſector BCH be 
added to both, and the ſector BDE will be 
equal to the ſector BCF: but, becauſe the 


ſector BCF is greater than the ſector BDH | 


and leſs than the ſector BDK, therefore the 
ſector BDE is greater than the ſector BDH | 
and lefs than the ſector BDK, and therefore | 
DE falls between DH, DK : and, becauſe | 
the point D is not very excentric, the limi- 
ting arc HK will be little; theretore the 
| tangent HE may be conſidered as coinciding 
with the arc HK: becauſe the ſector BDE 
is equal to the ſector BCF, the ſemicircle 
will be to the ſector BDE as the ſemicircle | 
to the ſector BCF: but the ſemicircle is to | 
the ſector BCF as p is tog; therefore the | 
ſemicircle is to the ſector BDE as p is to 9. 
Q. E. D. wy 85 

Kepler | 


1 
Kepler firſt of all diſcovered that the pla- 
nets revolved in ellipſes round the ſun placed 
in one of the foc!, and that they deſcribed 


equal areas in equal times round the ſun. Let 


the ſemi-ellipſe, [Fig. G.] whoſe greater axis 
is AP, focus 8, and centre C, repreſent half 
the orbit of a planet round the ſun in S; and 
ſuppoſe the planet at the point K in its orbit; 


join SK: half the periodic time of the planet 


round the ſun, is to the time the planet moves 
from A to P, as the area of the ſemi-ellipſe 


to the area ASK; and therefore to find the 
place of the planet at any given time, it is 


neceſſary to find the poſition of the right 


line SK, which - ſhall cut off the area ASR 


proportional to the time, that is, To draw the 
line SK ſo that the area of the ſemi-ellipſe 
may be to the area ASK, as half the periodic 


time of the planet round the ſun to the 


given time. = 85 
From K let fall KH perpendicular to AP, 
meeting the ſemicircle deſcribed upon AP in 


G, and join SG: it is evident, from the na- 


ture of the ellipſe and circle, that the ſemi- 
circle is to the ſector ASG as the ſemi- ellipſe 
to the ſector ASK; therefore the ſemicircle is 


to the ſector ASG as half the periodic time of 


Vol. II. C the 


( 18 ] 
the planet round the ſun to the time the 
planet moves from A to K: the problem 


therefore is reduced to this, To draw the 
line SG meeting the ſemicircle in G, fo that 


the ſemicircle may be to the ſector ASG as 
half the periodic time of the planet round 
the ſun to the given time. In the ſemicircle, | 
take the arc AB, ſo that the arc ABP may be 

tothe arc AB as half the periodic time of the | 


planet round the ſun to the given time. Join 
CB; the ſemicircle therefore will be to the 


ſector ACB as half the periodic time of the 
planet round the ſun to the given time, that 
is, as the ſemicircle to the ſector ASG; there- 


fore the ſectors ACB, ASG, are equal; join 


CG. 


The angle ACB is called by Kepler the 


mean anomaly, the angle ACG the anomaly 


of the excentric, and the angle ASK the co- 
equate or true anomaly. The problem there- 


fore is reduced to this: The mean anomaly 
of a planet being given, to find the anomaly 
of the excentric and the coequate anomaly. 


PROP. | 


190 } 
PROP. VI. Prost. IV. Fig. 6. 


Let AP be the greater axis of 4 6 
net's orbit, S the focus the place 
of the ſun, A the aphelion, P the 


perihelion; upon AP let the ſemi- 
circle ABP be deſcribed; let C be 
the center, and let the angle ACB 


be the mean anomaly of the planet 


at any given time: it is required 
to find the anomaly of the excen- 


ric. 


Jon SB, and draw CD parallel to SB 
meeting the circle in D: join SD: in BD. 
take the arc DG, ſo that the ſine of the angle 


BCD may be to the tangent of the angle 


CDS, as the exceſs of the arc BD above its 
fine to the arc DG; and join CG: the 


angle ACG will be'nearly the anomaly of the 


excentric. 


Join SG; draw BE perpendicular to CD 


meeting CD in E, and draw CF parallel to 


SD meeting DF a tangent to the circle at D 


in F. 
BEc Aus 


* — .,.... PC NET COS 


Brcavsr BE is the fine of the angle 


BCD, and DF the tangent of the angle 


DCF, that is, of the angle SDC; BE will 
be to DF as the exceſs of the arc BD above 
BE to the arc DG; therefore Prop. 5.] the 


ſector ASG is equal to the ſector Ac; 
therefore the angle ACG is the anomaly of 


the excentric. e oy 
Tur computation is as follows: In the 


triangle BCS, as the ſum of the fides BC, CS, 


is to the difference of the fides BC, CS, ſo is 
the tangent of half the angle ACB to the 
tangent of half the difference of the angles, 


CSB, CBS; therefore the angles, CSB, CBS 


will be given, that is, the angles, ACD, 
DCB, will be given. Again, in the triangle 


CSD, the ſum of the ſides, CD, Cs, is to 


the difference of the ſides CD, Cs, as the 
tangent of half the angle ACD to the tangent 


of half the difference of the angles, CSD, 
CDS; therefore the angle CDS will be 
given. Again, becauſe as the ſine of the angle 
BCD is to the tangent of the angle CDS, ſo 


is the exceis of the arc BD above its fine to 


the arc GD; ſay as the radius is to the fine 


of the angle BCD, fo is 57.29 57795 Ec. 


he number of degrees in an angle ſubtended 


by 


. 19S ASS =z ww; 
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by an arc equal to the radius, to the number 
of degrees in an angle ſubtended by an arc 


equal to the fine of the angle BCD; [let 


; this angle be called A]. Again, as the fine 


| of the angle BCD to the tangent of the angle 


| CDS, fo is the exceſs of the angle BCD 
above the angle A, to the angle GCD. 

Therefore the angle ACG, the anomaly of 
the excentric, will be given. 


EXAMPLE I. 


In the orbit of Mercury, the mean diſtance 


| is to the excentricity as 100000 to 20589. 
| Suppoſe the mean anomaly from the apheli- 
on to be 609, it is required to find the ano- 


|| maly of the excentric. In the triangle BCS, 


as 120589, the ſum of BC, CS, is to 79411 
the difference of the ſides BC, CS, ſo is the 
tangent of 3o®, half the ſum of the angles, 
| CSB, CBS, to the tangent of half the differ- 
| ence of the angles CSB, CBS. 


Ihe log. tang. of z0* is 97614394 
| The log. of 79411 is 4.899880 


The ſum is 14.66 13201 
The log. of 120589 is 5 8 13077 


T hg difference 90 5800124 i is tho 
log. 
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log. tang. of 20 49. oo 894 half the difference 
of the angles CSB, CBS ; therefore the an- 


ole CSB or ACD is 50* 49. oo 894, and the 
angle CBS or BCD is 9 100.99 106. Again, 


in the triangle DCS, as 120589 the ſum of | 


DC, CS, is to 79411 the difference of DC, 


CS, ſo is the tangent of 25* 24. 50447 half | 
the ſum of the angles CSD, CDS, to the tan- | 
gent of half the difference of the angles | 


CSD, CDS. 

The log. tang. of 25* 24.50447 18 9. 6767070 | 
The log. of 79411 is 4. 8998807 3 
The ſum is 14.576 5877 | 
The log. of 120589 is 5.081377 
The difference 9.405800 


is the log. tang. of 174. 22. 21093 half the dif- 
ference of the angles CSD, CDS ; therefore | 
the angle CDS is 8* 2'.29354. Again, as the 
radius is to the fine of 9 10'.99106, ſo is 
57* .2957795 Sc. the number of degrees 


in an angle ſubtended by an arc equal 


to the radius, to the number of degrees and | 
minuges in an angle ſubtended by an arc equal | 


to the fine of 9* 1099106. 


The | 


1 


We. CS 
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| The log. of 57. 2957795 is 1.758 1226 
The log. fine of 9 10.99 106 is 9. 2030097 


The ſum is 110.9611323 
The log. of rad. is Io. oooooο 
| The difference es 0.961 1323 


zs the log. of 9* 8.6349999, the number of 


| degrees and minutes contained in an angle 


| ſubtended by an arc equal to the fine of 
9 10.99106. The angle A therefore is 
986349999; the exceſs therefore of the 
| angle BCD above the angle A is 2.3 5606. 
| Again, as the fine of 9* 10.99106 is to the 
| tangent of 8* 2.293 54, ſo is the angle 


| 2.35606 to the angle DCG. 

The log. of 2.3 5606 is 0.3721863 
The log. tang. of 8* 2.293 54 is 9. 1498998 
The ſum is 9. 5220861 
The log. ſine of 9* | 10'.99106 1s 9.2030097 
| | The difference - 0.3 1980 4 


is the log. of 2.0849 5 the angle DCG, the 
angle ACG the anomaly of the excentric is 


WE x 51.093597 that is 50˙ 51 e 
LET 


7. C272 


bat” 
Let SM, perpendicular to CG, meet CG | 
in M: It is evident, becauſe the ſector ACG | 
is common to both the ſectors ASG, ACB, 
that, if the ſector ASG be equal to the ſector 
ACB, the triangle SCG will be equal to the| 
ſector BCG; and therefore the line SM will 
be equal to the arc BG : if the ſector ASC 
be greater than the ſector ACB, the triangle] 
SCG will be greater than the ſector BCG; 
and therefore the line SM will be greater 
| than the arc BG: and, if the ſector ASG be 
leſs than the ſector ACB, the triangle SCG | 
will be leſs than the ſector BCG; and there- | 
fore the line SM will be leſs than the arc! 
BG: that is, if the arc AG be greater, 
equal, or leſs, than the true anomaly of the 
excentric, the line SM will be greater, equal, 
or leſs, than the arc BG; and therefore, the 
leſs the difference is between the line SM | 
and the arc BG, the leſs will the difference 
be between the arc AG and the anomaly of | 
the excentric. 
Bxcausx the triangles GCH, CSM, are 
ſimilar, CG is to GH as CS to SM; that is, | 
the radius is to the fine of 50˙ 51. 993893 
28 20599 to Ca. 


_ 


by tan arc equal to SM. 


( 25 J 


The log. of 20589 is 4.31363 63 
The log. ſine of 50˙ 51.093797 is 9.889 890 
The ſum is 114.2032243 
The log. of rad- is 10.0000000 


The difference . > 2032243 0 


is the log. of SM. Again, as CA to SM, ſo is 


57. 2957795, &c. the number of degrees in 
an angle ſubtended by an arc equal to CA, to 


the number of degrees in an angle ſubtended 


The log. of 57 2957795. Sc. is I 7581226 
The log. of SM is 4+:2032243 


The ſum is 5.961 3469 | 


The log. of CA | $-0000000 


The difference . 9613469 


is the log. of 9 8.9062 5 the number of de- 


grees and min utes in an angle ſubtended by an 


arc equal to SM: but, becauſe the arc AB is 
60, and the arc AG is 50˙ 61.093797, the 


arc BG will be 9 8.906203 ; the difference 
therefore between SM and the arc BG 
D is 


The log. of rad. 18 | IO. OOOOOOC 


1 26 J 


is O. oo0047; the difference therefore i is leſs 


than the 354th part of a ſecond. 


Mr. Machin, in his ſolution of this pro- 


blem in the Philoſophical Tranſactions, 
Number 447. makes the anomaly of the ex- 
centric to be 129. 14846, when the mean | 


anomaly reckoned from the perihelion is 120"; 
and therefore, if the mean anomaly reckoned 


from the aphelion be 60*, the anomaly of 

the excentric will be 50*. 85154, that is 
$o* 51.0924. 

is order to determine the difference be- 
tween SH and the arc BG nn. to this 


computation, 
The log. of 20589 is 434.3136353 


The log. fine of 50˙ 51.0924 is 9.889 5888 


The ſum is 134.2032241 


The difference 7 203 2241 
is the log. of SM. Again, as CA to SM, ſo is 


57. 2957795, &c. the number of degrees in 


an angle ſubtended by an arc equal to CA, to 


the number of degrees in an angle ſubtended 


by an arc equal to SM. 


The 


1 
The log. of 57*. 2957795, Sc. is 1.758 1226 


The log. of SM is 4.203224 
The ſum is : 5. 901 2467 
The log. of CA is 5.0000000 

The difference = 961 2467 


is the log. of 9* N 905998, the number of 


degrees and minutes in an angle ſubtended by 


an arc equal to SM: but, becauſe the arc AB is 
60, and the arc AG is 50* 51.0924, the arc 
BG will be 9* 8.9076; the difference there- 
fore between SM and the arc BG is o. oo 1602, 


very nearly one tenth of a ſecond, and is 
more than thirty four times greater than the 
former difference. 


Because AS is equal to the ſum of BC, 


CS, and PS equal to the difference of BC, 
CS; it is evident, that, if, from the log. 


tang. of half the angle ACB, the difference 


of the logarithms of AS, SP be ſuhtracted, 
the remainder will be the log. tang. of an 


angle, which, if added to half the angle 
ACB, will give the angle ASB or ACD; 
and, if ſubtracted from half the angle ACB, 


will give the angle CBS or BCD. 
| — =_ 
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EXAMPLE II. 
In the orbit of Mars, the mean diſtance is 


to the excentricity as 152369 to 14100, 
Suppoſing the mean anomaly to be 1*, it is 


required to find the anomaly of the excentric. 
The log. tang, of 30, Half the 


angle ACB, is 7.9408 584 
The difference of the logs. of AS, 

SP is | 0.0806086 . 
The difference 7.8602498 


is the log. tang. of 24. 91968 14, half the dif- 
ference of the angles CSB, CBS; therefore, 


the angle CSB, that is the angle ACD, is 
54.9196814; and the angle CBS, that is 
the angle BCD, is 18 Again, to 
determine the angle COS, 

The log. tang. of half the angle 

ACD is 78958249 
The difference of the logs. of 


The difference 78152163 
is the log. tang. of 22'.4641426, half the 


difference of the angles CSD, CDS; there- 


fors 


ASSP is 00806086 


1 29 ] 
| fore the angle CDS, that is the —_ DCP, 
is 4. og 56981. 

AGAIN, as the radius is to the fine of 
5.0803 186, ſo is 57" 2997795, &c. the 


1 number of degrees in an angle ſubtended by : 


an arc equal to the radius, to the number of 
degrees and minutes in an angle ſubtended 
dy an arc equal to the fine of 5. o803 186. 


r 
The log. fine of 5. 803 186 is 7.1633313 


The ſum is 5 9 8.9214 539 | 
| The log. of radius is 10.0000000 
The difference —2. 9214539 


| is the log. of 5 ' 0073162, the number of 


| minutes contained in the angle A; the exceſs 


therefore of the angle BCD, above the angle 
A, is O. 930024. Again, as the fine of 


|} the angle BCD is to the tangent of the angle 


| DCF, ſo is 0'.0930024 to the angle DCG. 
| The log. of O. og 30024 is —2. 9684941 
The log. tang. of the angle DCF is 7. 1622795 


The ſum is 6.13077 6 
The log. fine of the angle BCD is 7: 1033313 


| Phe difference c 2. 9674423 
4 
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is the log. of . 0927774; the angle DGG 
therefore is o. 0927774 therefore the angle 

Ac, the anomaly of the excentric, is 
55 0124 588. 


EXAMPLE III. 


_ SuPPosSING the mean anomaly in the ſame 
orbit to be 4 5%, it is required to find the ano- 
maly of the excentric. 


The log. tang. of 22* 30 is 9.6172243 


The diff. of the logs. of AS, SP is 0.080608 5 


The difference 9. 5366158 | | 


is the log. tang. of 18* 59.1327325, half the 
difference of the angles CSB, CBS; the 


angle CSB, that is the angle ACD, therefore | 
is 41 29. 1327325; and the angle CBS or | 
 BCDis 3* 30.807267 5. 


The log. tang. of half the angle 


ACD is 9.578 3203 


The diff. of the logs. of A8, SP is o. 0.080608 5 


The difference 3 9.477118 
is the log. tang. of 17 27. 7082672, half | 


the difference of the angles CSD, CDS; 


the angle CDS or DCF, therefore, is | 


3* 16.858099. 


. g 


1 
3e 16.8 58099. Again, as radius is to the 
fine of the angle BCD, ſo is 57“. 2957795, 
Sc. to the angle A. 


The log. of 57*. 2957795, Sc. is 1 7581226 


The log. ſine of the — BCD is 8. 7874623 


The ſum is 10.545 5349 
The log. of rad. is | 10.0000000 


The difference _ 0. 545 5849 


is the log. of 3*. 5122459; the angle A, 


| therefore, is 3* 30.7347 54; the excels of the 
angle BCD above the angle A is O. 1325 13 5. 
| Again, as the fine of the angle BCD is to the 

2 of the angle SDC or DCF, * is 
| 0.1325135 EIN DCG. 


| therefore, is O. 1239228; 
angle ACG. the anomaly of the excentric, is 
4129.2 566553. 


The log. tang. of the angle SDC is 8. 8.7 583 537 


The ſum is 7.8806 138 
The log. fine of the angle BCD is 8. 8.7874623 
The Silence —. 093 1515 
is the log. of 0. 1239228; the angle DCG, 
therefore the 


EX- 
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EXAMPLE IV. 
Acain, in the ſame orbit ſuppoſing the | 
mean anomaly to be 1007 degrees, it is re- 
quired to find the anomaly of the excentric. 


The log. tang. of 50 half the 


angle ACBBis & 10.0761865 | 

The difference of the logs. of 
AS, SP is : 0.0806086 * 

The difference 9.9955779 | 


is the log. tang. of 44* 42 4982192, half the | 


difference of the angles CSB, CBS; there- | 
fore the angle CSB, that is the angle ACD, 
is 94*42.4982192; and the angle CBS, | 
that is the angle BCD, is 5* 17 50 17808. 1 

Again, to determine the angle CDS, 


The log. tang. of half the angle | 
. ACDis = 10.055728 
The difference of the logs. of | 

Ts 155 0.0806086 


The difference  9.9751199 
is the log. tang. of 43* 21.5819834, half 
the difference of the angles CSD, CDS ; 
therefore the angle CDS, that is the angle 
DC, is 3* 59.667 1212. 


— — ——  — MS. — — 
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AcAlx, as the radius is to the fine 
of 5* 17.5017808 the angle BCD, fo is 
57*. 2997795 to the angle A. . 


The log. of 577. 29 57% 5 is 1.758 1226 
The log. fine of 5 17. 5017808 is 8.964238 f 


The ſum is 10. 7223607 
The log. of radius i W_- 10 10.0000000 = 


is the log. of 5 16.600 52 the number of 


degrees and minutes contained in the angle 
A; the exceſs therefore of the angle BCD 


above the angle A is O. 90 10288. Again, 


as the fine of the angle BCD is to the tangent 
of the angle DCF, ſo is 0.9010288 to the 


angle DCG. 


The log. of o 9010288 is —1.9547387 
The log. tang. of the angle DCF is 8.8440431 


The ſum is 3 8.79878 18 
| The log. ſine of the angle BCD is 89642381 
| The difference —1.834 5437 


| is the log. of 0'.6831934 ; the angle DCG 
therefore is 0'.6831934; therefore the 
angle ACG the anomaly of the excentric is 


94* 43- 1814126. 


1 Tux 


The difference _— 7223607 


TT. 2 ＋ — p and , 
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Tux three laſt examples are taken from Dr. 


Keils aſtronomical Lectures, Lecture 23d. 
and the numbers agree very nearly with his. 


Ix the orbits of Mercury and Mars, if the 


exceſs of the angle BCD above the angle A 
be added to the angle ACD, the ſum will be 


nearly the anomaly of the excentric reckoned 


from the aphelion. 


In orbits of ſmall excentricity, the angle ; 


ACD is nearly the anomaly of the excentric; 


therefore the following rule will give the 


| anomaly of the excentric very nearly. 


From the logarithmic tangent of half the | 
mean anomaly, ſubtra& the difference of the 


logarithms of the aphelion and perihelion 


diſtances ; the remainder is the logarithmic 


tangent of an angle, which call B: to the 
angle B, add half the mean anomaly ; the 


ſum will give very nearly the  ancenaly of the 


excentric. 


E X AM pP L E v. 

Ix the earth's orbit, the mean diſtance is 

to the excentricity as 100000 to 1691. Sup- | 
poſe the mean anomaly from the aphelion 


to be 30", it is required to find the anomaly 
of the excentric. 


. 


E 0 


The log. tang. of 15˙ is 9.428052 5 
The diff. of the logs. of AS, SP is o. 146892 


The difference 9.433633 


is the log. tang. of 145 31.367042 I, half the 


| difference of the angles CSB, CBS; there- 
fore the angle CSB, that is the angle ACD, 
is 29* 31'.367042; therefore the anomaly of 
the excentric is nearly 29* 31. 367042 1, that 
is 29 310.227.022 526, which agrees very 
nearly with Dr. Keil's numbers in the 


| foreſaid Lecture. 
EXAMPLE VI. 


Acain, in the earth's orbit, ſuppoſe the 


mean anomaly to be 60?, it is. required to find 
the anomaly of the excentric. 


The log. tang. of 30? is 9.7614394 
The diff. of the logs. of AS, SP is o.o 146892 


The difference 9.7467 502 


is the log. tang. of 29" 10'.081873, half the 
difference of the angles CSB, CBS; there- 


fore the angle CSB, that is the angle ACD, 


is 59* 10'.081873 ; therefore the anomaly of 


the excentric is nearly 59 10'.081873. 
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EXAMPLE VII. 
In the orbit of Venus, the mean diſtance is 
to the excentricity as 10000000 to 69855. 
Suppoſe the mein anomaly reckoned from 
the aphelion to be 60*, it is required to find 
the anomaly of the excentric. 


The log. tang. of 30² 18 5 | 9.76014394. 
The diff. of the logs. of AS, SP is 0.0060677 
The difference 9 7553717 


is the log. tang. of 297 39. 27399 59, half the 
difference of the angles CSC, CBS; therefore 


the angle CSB, that is the angle ACD, is 


59 39. 27399 59; therefore the anomaly of 
the excentric is nearly 59 39.2 39959, that 


is 59˙ 39-16".4397 54- 
Iy the mean anomaly reckoned from the 


perihelion be 120*, the anomaly of the ex- 
centric would be nearly 120? 20.430. 560246, 
which agrees very nearly with Mr. Macbin's 
numbers in the forecited tranſaction. 
THE anomaly of the excentric being found, 


the coequate or true anomaly will be found _ 4 


by the reſolution of the triangle GCS : Thus, 
from the log. tang. of half the anomaly of 
the EXCENtric, ſubtract the difference of the 


logs, 


3 
Jogs. of the aphelion and perihelion diſtances, 
the remainder will be the log. tang. of an 


angle; to this angle add half the anomaly of 
the excentric; let the ſum be called the 
angle C; to the log. tang. of the angle C, 
add half the ſum of the logs. of the aphelion 
| and perihelion diſtances; from this ſum, ſub- 
tract the log. of the mean diſtance ; the re- 
mainder wil} be the log. tang. of the coequate 
or true anomaly. 

Lr CL be the leſſer axis of the planet 8 
orbit. Becauſe, from the nature of the 


| ellipſe, the ſquare of CL is equal to the re- 


ctangle ASP, the log. of CL will be equal to 
half the ſum of the logs. of A8, SP: and, be- 


cauſe the tangent of the angle KSH is to the 
tangent of the angle GSH as HK to HG; 
that is, from the nature of the ellipſe, as LC 
to CA; therefore, if to the log. tang. of 
the angle GSH, the log. of CL be added, 
and from the ſum the log. of AC be ſub- 
tracted, the remainder will be the log. 2 


of the angle KSH. 


AGAIN, the fine of the true anomaly i is "YN 
the ſine of the anomaly of the excentric, as 
the leſſer axis of the orbit to the diſtance of 
the . from the ſun. 


BxcAusE 


I Hu} 
. 'Becavse CL is to HK as CG to GH, 
that is, as the radius to the fine of the ano- 
maly of the excentric, and HK is to KS as 
the ſine of the true anomaly to the radius; 
therefore CL is to KS as the fine of the true 
anomaly to the anomaly of the excentric. 
Tux place of a planet in an elliptic orbit 


I granting the quadrature of the ellipſe] may be 


found at any given time within a ſmall limit, 
; by the following theorem. 


THEOREM. Fic. 7: 


Let the ellipſe, whoſe greater axis 
is AP, foci S, K, and center C, 
repreſent the orbit of a planet | 
round the ſun at 8; and, ſuppoſing | 
the periodic time of the planet 
round the ſun to be known, and 

ke ways the time the planet paſſed | 
thro the aphelion A: As the pe- 
riodic time of the planet round 
the ſun, is to the time elapſed 
ſince the planet paſſed thro the 

Gn point 
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point A, fo let the area of the el. 
lipſe be to the ſector ACB; join 
SB, and draw CD parallel to SB on ; 
the ſame fide of AP that SB is; 
and let CD be equal to CA; join. 
_ SD; let CD, SD, meet the ellipſe in 
E, F: the true place of the planet 
is between the points E, F; that 
is, the planet is paſſed the point 
E, but not come to the point F. 


LET G be the place of the planet; join 


SG, and join BD meeting AP in H, and 


join KB; draw SL parallel to KB meeting 
BD in L. Becauſe CD is parallel to SB, 


] CD will be to SB as CH to HS; therefore, 
twice CD will be to SB as twice CH to HS. 
But, becauſe twice CD is equal to AP, that 
is, equal to KB together with BS, and twice 


CH is equal to KH together with HS; there- 


; fore KB together with BS will be to BS as 
| KH together with HS is to HS; and there- 


fore KB will be to BS as KH to HS, that is, 
as KB to SL; therefore BS, SL are equal : 


| therefore the angle SBL is equal to the angle 


SLB, 


[4] 

SLB, chat is, equal to the angle KBD; and 
therefore, from a known property of the 
ellipſe, BD is a tangent to the ellipſe at the 
point B; and therefore [Prop. 2.] the ſector 
ACB is greater than the ſector ASE, and leſs 
than the ſector ASF : but, becauſe G is the 
place of the planet, the area of the ellipſe 


time of the planet round the ſun is to the 
time elapſed fince the planet paſſed thro' the 
point A, that is, as the area of the ellipſe to 
the ſector AcB; therefore the ſector AS 
is equal to the ſector ACB; and therefore 
the ſector ASG is greater than the ſector 
ASE, and leſs than the ſector ASF; there- 
fore the line SG falls between the lines SE, 
| SF; and therefore G, the place of the planet, 
is between the points E, F; therefore the 
planet has paſſed the point E, but not come 
to the point F. 


will be to the ſector ASG as the periodic | 


